THE MINIMAL LOG DISCREPANCY 

FLORIN AMBRO 



Abstract. We survey the known and expected properties of the minimal log discrep- 
ancy, the local invariant of a log variety. 
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Introduction 



The minimal log discrepancy is a fundamental invariant of the singularities that appear 
in the birational classification of algebraic varieties. Introduced by Shokurov [52j in 
connection to the termination of a sequence of flips, it appears in the local context of 
the classification of singularities, or the global context of Fujita's conjecture on adjoint 
linear systems. The minimal log discrepancy measures stable vanishing orders of sections 
of canonical graded rings, or the rate of growth of certain subspaces in the spaces of 
jets of a singularity. It has an arithmetic flavour, being related to the flrst minimum of 
Minkowski in the geometry of numbers. 

In this note we introduce the minimal log discrepancy, present some basic open prob- 
lems, and illustrate them with toric examples. We hope to reinforce the original connection 
of Reid [5U] between discrepancies of singularities on the one hand, and stable vanishing 
orders of sections of canonical graded rings on the other hand. 

The minimal log discrepancy is the local invariant of a log variety. We recall in §1 the 
construction of canonical models and discrepancies, and their logarithmic version. This is 
the natural motivation for log varieties with log canonical singularities, which locally are 
just open subsets of log canonical models. We give the rigorous deflnition of log varieties 
and minimal log discrepancies in §2, and present explicit combinatorial formulas in the 
toric case. We present problems on minimal log discrepancies in §3, and discuss their 
toric case and some methods, old and new. In §4, we discuss the log canonical threshold 
and its applications to the problem of constructing flat log structures. 



^The author is supported by a 21st Century COE Kyoto Mathematics Fellowship, and by the JSPS 
Grant-in- Aid No 17740011. 
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1. Background 

1-A. Zariski decomposition. The origin of Zariski decomposition is the problem of 
computing the Hibert function ^{n) = dime R{X, D)n of the graded ring 

oo 

R{X,D) = @H\X,nD), 

n=0 

for a given divisor D on a complex manifold X [M]. We recall the solution to this problem 
in the case when R{X, D) is finitely generated and D is big. We use Zariski's notation 

H\X,D) = {ae C{Xy; (a) + D > 0} U {0}, 

which makes sense even if D does not have integer coefficients. 

First, if D is an ample divisor, there exists a polynomial P G Q[T] of degree d = 
dim(X), and a positive integer no, such that </?(n) = P(n) for n > no- In general, 
finite generation means that there exists a positive integer r such that the natural map 
S''H^{X,rD) —>■ H^{X,lrD) is surjective for every / > 1. By Hironaka's resolution of 
the base locus of a linear system, there exists a birational modification f^: X^ ^ X such 
that if Fr is the fixed divisor of |/*(rD)|, the mobile part Mr = f*{rD) — Fy defines a 
linear system without base points. After taking the Stein factorization, \Mr\ defines a 
morphism with connected fibers Qr'- Xr Y,.. The variety Yr has normal singularities 
and Mr = gl{Ar)^ for a normally generated ample Cartier divisor on Y . 

X-r 

X Yr 

We have R{X,D) = R{Xr,f*{D)), the natural inclusion i?(X^, ^M^) C R{Xr,f*D) be- 
comes an identity, and R{Xr, ^Mr) = R{Y, ^Aj.). In particular, Yr = Proj R{X, D) and 

^{n) =dimcH\Yr,-Ar). 

r 

There are polynomials Pq, . . . ,Pr~i G Q[T], of degree d, and a positive integer uq, such 
that v?(n) = Pn-rl^\{n) for n > no- The growth rate of (p is 

n— >oo n'^/dl r'^ r'^ 

The decomposition = g*{^A) + ^Fr is the prototype of a Zariski decomposition. 

In general, we say that D = P+F is a, Zariski decomposition on a normal variety X, if F is 
an effective M-divisor and P is a nef M-divisor such that the induced inclusion -R(X, P) C 
P(X, D) is surjective. The Zariski decomposition is unique if D is big, and in this case 
F = lim„^oo ^Rn, where F„ is the fixed part of \nD\. There are several notions of Zariski 
decomposition at present, but they all coincide for big divisors (see [611 [29| [22l [T5l B6] ). 

Two useful examples of Zariski decomposition are as follows. For a nef R-divisor P, 
the decomposition P = P + is a Zariski decomposition. If D = P + P is a Zariski 
decomposition on X and F' is an effective M-divisor supported by the exceptional locus of 
a birational map fi: X' X, then fi*D + E = fi*P+{fi*F+F') is a Zariski decomposition. 
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1-B. Canonical models, discrepancies. Let X be a complex projective manifold of 
general type, with canonical divisor Kx- The canonical ring R{X, Kx) is expected to be 
finitely generated, and if it is, we would obtain a natural birational map 

$: X — ^ F := Proj R{X,Kx). 

The birational model Y is called the canonical model of X. It depends only on the 
birational class of X and it has a canonical polarization, but it has singularities in general. 
For example, Y may have some Du Val singularities in dimension two. The singularities 
that may appear on Y were coined canonical singularities by Reid [5U] . 

To get to the formal definition of canonical singularities, let us take a closer look at 
what $ does for Kx- By Hironaka's resolution of singularities, there is a Hironaka hut 



that is X' is a projective manifold, f,g are birational morphisms and $ = (70/ ^. By 
definition, Kx is the divisor [u) of zeros and poles of a non-zero top rational differential 
form iu e A'^''^(^)fi^ C(X). Denote Kx' = if*uj) and Ky = ig*f*uj)- The latter is 
a well defined Weil divisor, since Y is normal. Since X has no singularities, the divisor 
Af = Kx' — f*{Kx) is effective and supported by the exceptional locus of /. Equivalently, 
the natural map /* : R{X', Kx') — * R{X, Kx) is an isomorphism. In particular, g: X' ^ 
Y is the canonical model of X'. Since g is a. morphism and Kx' is a big divisor, it follows 
that there exists r > 1 such that jri^'yl defines a projectively normal embedding, and 
^9 ~ li^^x' — g*{rKY)) is effective and supported by the exceptional locus of g. In 
particular, g^: R{X' , Kx') — ^ R{Y,Ky) is also an isomorphism: 



R{X',K 




R{X,Kx) R{Y,Ky) 

Reid [50] called a normal germ P G F a canonical singularity if Ag is well defined and 
effective, for a resolution of singularities g: X' ^ Y. The coefficients of the Q-divisor Ag 
are called discrepancies. To understand discrepancies in terms of the manifolds that we 
started with, we go back to our global setting and note that 

Kx'=g*{KY)+Ag 

is a Zariski decomposition of Kx', with positive part g*{KY) and fixed part Ag. Since 
Iri^'y I defines a linear system free of base points, rAg is the fixed part of the linear system 
|ri^x'|- Finally, it turns out that f*{Kx) = g*{KY) + {Ag — Af) is a Zariski decomposition. 

1-C. Log canonical models of open manifolds. Let U he a complex quasi-projective 
manifold of general type, in the sense of litaka [25|. By Hironaka's resolution of singular- 
ities, there exists an open embedding U G X such that X is a proper manifold, and the 
complement X \ U = ^2 - Ei is a divisor with simple normal crossings. The general type 
assumption means that the log canonical divisor Kx + big. The log canonical ring 

R{X,Kx + Ylii^i) is independent of the choice of compactification, and in fact depends 
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only on the (proper) birational class of U. It is expected to be finitely generated, and if 
it is, we would obtain a natural birational map 

$: X — ^ r := Fro] R{X, K + ^Ei). 

i 

As before, we can find a Hironaka hut with the extra property that Exc(/) U Ei) 
is a simple normal crossings divisor Denote By = g^(^^, Ei'). We imitate the 

arguments in the compact case, and obtain isomorphisms 

R{X',Kx' + j:i'E,) 



R{X, Kx + Ei) RiY, Ky + By) 

Again, \r{Ky + By) \ defines a normally generated embedding for some r > 1, and we have 
Zariski decompositions Kx' + J2i' Ei' = g*{KY + By) + Ag and f*{Kx + J2i Ei) = g*{Ky + 
By) + [Ag — Af). One can see that contracts no divisors of F, and •^'*(Ei Ei) = By. 
The pair [Y, By) is log canonically polarized, and it's singularities are log canonical, as 
we will see shortly. The pair {Y, By) is called the log canonical model of U. 

For example, let U Mg be a resolution of singularities of the moduli space of smooth 
curves of genus g > 2. Then the log canonical model of U is {Mg,S), where Mg is the 
moduli space of stable curves of genus g, and 6 = Mg \ Mg [H]. 

1-D. Log canonical models of log manifolds, log discrepancies. Log manifolds are 
the bridge between open and compact manifolds. They are pairs (X, ^2 - biEi), where X is 
nonsingular, the i^j's are nonsingular divisors intersecting transversely, and 6j G [0, 1] flQ 
for all i. We call Ylii^iEi the boundary of the log manifold, and denote it by B. Suppose 
moreover that (X, B) is of general type, that is the log canonical divisor Kx + i? is big. 
The log canonical ring -R(X, Kx + B) is expected to be finitely generated, and if it is, we 
would obtain a birational map 

$ : X — ^ r := Proj i?(X, Kx + B). 

Again, we construct a Hironaka hut with the extra property that Exc(/) U f^^i^iEi) 
is a simple normal crossings divisor. Let UjFj be the exceptional locus of / and denote 
By = g^,{f~^B + Ej Fj). We imitate the previous argument, and obtain isomorphisms 

RiX',Kx' + f-'B + j:.F^) 



R{X, Kx + B) R{Y, Ky + By) 

There exists r G Z>i such that \r{Ky + By)\ defines a normally generated embedding, 
and we have Zariski decompositions 

Kx' + f-'B + J2Ej= 9\Ky + By) + Ag 
j 

fiKx + B)= g*{Ky + By) + {Ag - Af). 

One can see that contracts no divisors of Y, and = By. The birational model 

$: {X,B) (Y,By) is called the log canonical model of {X,B). It is polarized by the 
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log canonical divisor Ky + By (a Q-divisor), and its singularities are called log canonical 
singularities. The coefficients of the Q-divisor Ag are called log discrepancies. 

2. Log varieties, minimal log discrepancies 

Log varieties with log canonical singularities are locally open subsets of log canonical 
models. For technical purposes, it is better to work in a slightly more general context, 
such as non-rational boundaries (to take convex hulls and limits of divisors), or even 
non-log canonical singularities (to construct a flat log structure at a prescribed point of 
a polarized manifold, cf §4-A). 

Definition 2.1. A log variety {X,B) is a complex normal variety X endowed with an 
effective R-Weil divisor B = Y^ - biEi such that Kx + -B is R-Cartier. 

Recall that the canonical divisor Kx = (<^) is the Weil divisor of zeros and poles of 
a non-zero top rational differential form cu (it depends on the choice of cu, but only up 
to linear equivalence). The E'j's are prime divisors and the ftj's are non- negative real 
numbers. The R-Cartier assumption means that locally on X, Kx + B equals a finite 
sum X^i^jlv^i); where rj G R and G C(X)^. 

Let now jj,: X' ^ X he birational morphism, and E G X' a, prime divisor. We use the 
same form to define the canonical class of X', that is Kx' — (/*'^)- The log discrepancy 
of {X, B) at E is defined as 

a{E- X, B) = um\tE{Kx' + E-ii*{Kx + B)) e R. 

The log discrepancy depends only on the valuation that E induces on C(X). We call such 
valuations geometric, and denote cx{E) — IJ.{E). For example, if is a prime divisor in 
X, then a{E; X,B) = 1- mu\tE{B). 

Definition 2.2. The minimal log discrepancy of a log variety {X, B) at a Grothendieck 
point 77 G X is defined as 

a{r]; X, B) = M{a{E; X, B); cx{E) = f]} e {-00} U R>o. 

The global minimal log discrepancy is a{X, B) = inf^gx a(^; B). 

Example 2.3. a(0; C^) = d. 

The reader may check that a{r);X,B) < implies a{r];X,B) — —00. Otherwise, 
a{ri; X, B) is a non-negative real number, and the infimum is a minimum. If rj has codi- 
mension one, then a{ri;X,B) = 1 — mult,j(i?). Otherwise, construct a log resolution 
11: X' ^ X such that fi^^{fi) is a divisor, and fi~^ {f]) , B and Exc(/i) = UjFj are all 
suported by a simple normal crossings divisor. Then 0(77; X, B) — min^(i^^.)=^ cb{Fj] B). 
The log puUback formula 

^x*{Kx + B)^ Kx' + fi:'B + J](l - aiFf, X, B))Fj 

3 

shows that a{r); X, B) G if r{Kx + B) is a Cartier divisor near 77. 

Definition 2.4. A log variety {X, B) has log canonical singularities atrj if a{rj; X, B) > 0. 
We say that {X, B) has log canonical singularities if a(X, B) > 0. 

Example 2.5. Consider the log variety (X, ^^fejE'j), where X is a manifold, 'Y^^Ei a 
simple normal crossings divisor and bi G [0, 1] for all i. Then a(X, Yi^i^i) = iiiinj(l — 6^). 
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Example 2.6. Let X be a toric variety and X \ T = Uj-Ej the complement of the torus. 
Then (X, Ei) is a log variety with a{X, Ei) = and Kx + J2i — 0- 

If a(X, B) > 0, the infimum in its definition is also a minimum. With the notation 
above, a{X, B) = min(minj a{Ei; X, B),mmj a{Fj; X, B)). Moreover, the formula 

Kx' + ^l:'B + Y,F3= f'*iKx + B) + J2 B)F, 
j j 

becomes a Zariski decomposition of the relative log manifold of general type {X', {^^^)^B+ 
^ - Fj) X. Its log canonical model in the sense of §1 is {X/X, B), where X/X is the 
identity morphism. 

Definition 2.7. Let (X/S, B) be a log variety (X, B) with a(X, B) > 0, endowed with a 
projective morphism n: X S. We say that {X/ S, B) is a 

• log Fano if —{Kx + B) is vr-ample. 

• log Calahi- Yau if Kx + -B is vr-numerically trivial. 

• log canonical model if Kx + B is vr-ample. 

It is useful to observe that a log variety (X, B) has log canonical singularities at rj if 
and only if (X/X, B) is a log canonical model in a neighborhood of rj (cf. Example 14.61) . 
Note however that the three geometric types above coincide if vr is the identity map. 

Definition 2.8. A germ of log variety P e (X, B) is called flat if a(P; X, B) = 0. 

The typical example of fiat germ is G {C'',Yli=i ^i), where Hi are the coordinate 
hyperplanes. Our terminology is inspired by an analogy between germs and projective 
manifolds, where if the minimal log discrepancy corresponds to the Kodaira dimension, 
fiat germs correspond to manifolds with Kodaira dimension zero (an elliptic curve, for 
example). Also, note that G (C, 1 ■ 0) is the only flat log germ in dimension one. 

2-A. Examples of minimal log discrepancies. Minimal log discrepancies can be easily 
computed for log varieties (X, B) such that X is a toric variety and B is supported by 
the complement of the torus (see [17j for standard terminology on toric varieties). We 
only consider here Q-factorial, log canonical toric germs of log varieties 

d 

Pe{X,B) = (T^emb(a),5^6,i7,)- 

1=1 

They are in one-to-one correspondence with the following data: 

• a = {x eR'^;xi,...,Xd>0}. 

• X C M'^ is a lattice, containing (1, 0, . . . , 0), . . . , (0, . . . , 0, 1) as primitive vectors. 
. (6i,...,&d) G [0,1]'^. 

The following basic facts provide lots of examples of minimal log discrepancies: 

(a) a{r]H,;X,B) = 1 - bi. 

(b) Let X G N^"'^r\a be a primitive vector. Then x defines a barycentric subdivision 
Ax of a, and the exceptional locus of the induced birational map Tjv emb{Arc) — >■ 
TAremb((T) is a prime divisor E^. Then a^E^; X, B) = J2i=ii^ " bi)xi. 

(c) Log resolutions exists in the toric category. Therefore minimal log discrepancies 
can be computed using only valuations E^ as in (b). 
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(d) The point P is the unique fixed point of the torus action. Its minimal log 
discrepancy is computed as follows 

d 

a{P; X, B) = min{^(l - bi)xi; x e Nn int(a)}. 

i=l 

(e) Let P E C (Z X he the toric cycle corresponding to a face t -< a. The minimal 
log discrepancy at its generic point is 

d 

a{r]c; X, B) = min{^(l - hi)xi, x e Nn relint(T)}. 

i=l 

(f) The global minimal log discrepancy is computed as follows 



a{X, B) = min{^(l — b eNna\o}. 
1=1 

(g) In all minimums above, it suffices to consider only the finitely many lattice 
points X e Nn[0, 1]'^. 

Example 2.9. Suppose N — Z^, that is X — C''' and the HiS are the coordinate hyper- 
planes. For the cycle C : {xi — • ■ ■ — Xg — 0) , we have a{r]c; X, B) — s — hi — • ■ ■ — bg. 

Example 2.10. Suppose B — 0. Since a is fixed, only the lattice N varies. 

(i) Take N — Z'^ + some integer q >2. The surface germ P e X is a, 
>lg^i-singularity. We compute n (0, 1]^ = {(^, 2^); 1 < A; < 1}U{(1, 1)}, 

soa(P;X) = l. " " 

(ii) Take = + |), for some positive integer k. As above, we compute 
a{P;X) = l 

(iii) Take N — 1? -\- Zi(l,p, g — p), where are integers with 1 < p < q — 
l,gcd(p, g) = 1. Then P e X is a terminal 3-fold singularity, with a{P]X) — 

q 

(iv) Take A^ = Z^ + ZJ^(1, g, 1 + g), with g > 1. Then P e X is 3-fold singularity 
with a(P;X) = 1 + This germ has the minimal log discrepancy of a terminal 
singularity, but it's not terminal, since it is not an isolated singularity. The 
singular locus of X is C2 '■ {xi = 0:3 = 0), and a^rjc^', ^) = ^■ 

Example 2.11. For each point x E Q'^ (1 (0, 1]'^, we construct a d-dimensional germ of 
toric log variety Px G {Xx, Bx), with minimal log discrepancy 

d 

a{Px;Xx,Bx) = miny^ (1 + nxi - \nxi]). 

~ 1=1 

Choose a positive integer g such that qx e Z'', and define integers 

gcd(g, qxi, ...,qXj,..., qxa) . .... 

rij ^ 77 r (1 < J < a)- 

gcd(g,ga;i,...,gxd) 

These integers are independent of the choice of g. Let a C M'^ be the standard positive 
cone, and Px G Xx :— T^d +2.^; emb((7) the unique point fixed by the torus. The primitive 
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vectors of the lattice Z'^ + Z ■ a; along the rays of a are 

-(1,0,...,0),...,-(0,...,0,1). 

They define invariant prime divisors Hi, ... , Hd in X. Set = ^f=i(l — ^) Hi- 
lt is natural to "compactify" Q'^n (0, l]'^ to Q'^n [0, IJ'^VO, in order to study the limiting 
behaviour of a{Px; X^, B^) p], 'Sj. 

The minimal log discrepancy of a toric germ is the "local" version of Minkowski's 
first minimum of a convex body about the origin (see [13] for the definition and basic 
properties of the latter invariant). In our setting, if we denote by A the convex set 
{x e R'^; xi,...,Xd>0, Eti(l - bi)x^ < 1}, then 

a(P; X, B) = sup{t > 0; n int(tA) = 0}. 
See [11] for more on minimal log discrepancies versus lattice-point-free convex bodies. 

3. Problems on minimal log discrepancies 

Minimal log discrepancies originate in the problem of termination of log flips: starting 
with a given log variety, can we perform log flips infinitely many times? Log flips are 
surgery operations which preserve codimension one cycles, and improve the singularities 
of higher codimensional cycles. As a measure of this improvement, log discrepancies may 
only increase after a log flip, and some of them increase strictly [51]. This is the heuristic 
behind the termination of a sequence of log flips, and it lead Shokurov [511 [52], [55] to 
question the existence of an infinite increasing sequence of minimal log discrepancies. 

First, we fix a log variety {X, B), and investigate the set of minimal log discrepancies of 
all prime cycles of X [1]. The formula a{r]c', X, B) = a{P; X, B) — dim(C), for a general 
closed point P of a given prime cycle C G X, shows that closed points contain the essential 
information. Consider now the minimal log discrepancy a{P; X, B) as a function on the 
set of the closed points P G X. This function has a finite image, and in particular the 
set of minimal log discrepancies of all prime cycles of X is finite. Moreover, the level sets 
{P G X; a{P; X, B) < t} {t > 0) are constructible. Simple examples, such as a Du Val 
singularity P G X, with a(x; X) = 2 for a; 7^ P, and a(P; X) = 1, suggest that these level 
sets are in fact closed. 

Conjecture 3.1 ([S])- The minimal log discrepancy a{P; X, B) is lower semi- continuous 
as a function on the closed points P of X . 

This behaviour is confirmed in several ) dim(X) < 3 [31 H]; b) (X, B) is a toric 

log variety [1]; c) X is a local complete intersection [IHldB]- Also, it is equivalent to the 
inequality a(P; X, B) < a{rjc] X, B) + 1, for every closed point on a curve in X [4]. 

Now consider the general case, when log flips change the log variety (X, B) in codi- 
mension at least two. The coefficients of the boundary are preserved, so we may assume 
that they belong to a given finite set. More generally, let B <Z [0, 1] be a set satisfying the 
descending chain condition {B = {1 — ^;^> 1}U{1} is the typical example), and define 

Mld(rf, B) = {a(P; X, P); dim(X) = d, coefficients of B belong to B}. 

The set Mld(l, B) = {1 — b;b & B} clearly satisfies the ascending chain condition. 

Conjecture 3.2 (Shokurov [521 [55]). The following properties hold: 
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(1) M[d{d,B) satisfies the ascending chain condition. 

(2) a{P;X,B) < dim(X). Moreover, ifa{P]X,B) > dim(X) - 1, then P e X is 
a nonsingular point and a{P; X, B) = dim{X) — multp(-B). 

(3) Assume that Br\[0,l — ^] is a finite set for every k > 1. Then the accumulation 
points ofM\d{d, B) are included in Mld((i — 1, B'), for a suitable set B' . 

This conjecture was confirmed for surfaces [531 and toric log varieties [9l [5]. By 
the classification of terminal 3-fold sine; ularities, Mld(3, {0}) n (1, +cx)) = {1 + -;g > 
1}U{3} Also, (2) holds if X is a local complete intersection [IS [IB]. Shokurov [S7| 

reduced the global problem of the termination of flips to the two local problems 13.11 
and I3.2[ (l). See [7] for more on this. 

An interesting problem posed by Shokurov is to relate the minimal log discrepancy 
and the Cartier index of a singularity. Suppose P E X is the germ of a rf-fold with 
a(P; X) > 0. If nKx ~ and Conjecture 13. 2[ (2) holds, then the minimal log discrepancy 
can take at most finitely many values: a{P; X) G {0, ^, ■ ■ ■ , Conversely, is there an 
integer n, depending only on d and a(P; X), such that uKx ~ 0? The answer is positive if 
d = 2 (Shokurov, unpublished). An important special case of this problem is a{P; X) = 0. 
If d = 2, then n e {1,2,3,4,6} [54J. If = 3, then ^{n) < 20 and n ^ 60, where ^ is the 
Euler number [26]. See also [21] for a higher dimensional reduction to a global problem 
on log Calabi-Yau varieties in one dimension less. The boldest conjecture here is the 
following. 

Conjecture 3.3 (Shokurov [56]). Let P G {X, B) be a log germ such that a{P] X,B) = 
and B has coefficients in a set S C [0, 1] fl Q satisfying the descending chain condition. 
Then n{K + 5) ~ for some positive integer n, depending only on dim(X) and B. 

A useful formula in inductive arguments in the log category is a comparison of minimal 
log discrepancies under adjunction, called precise inversion of adjunction. 

Conjecture 3.4 (Shokurov [51], KoUar [33]). Let P e S C {X,B) be the germ of a 
log variety and a normal prime divisor S with mult5(i?) = 1. By adjunction, we have 
{Kx + B)\s = Ks + Bs. Then a{P; X, B) = a{P- S, Bg) . 

It follows from the Log Minimal Model Program if a{P; X,B) < 1 [33], and it holds if 
X is a local complete intersection [191 118] . 

Minimal log discrepancies appear naturally in global contexts, such as Fujita's Conjec- 
ture on adjoint linear systems or the boundedness of log Fano varieties. 

Conjecture 3.5 (A. and L. Borisov [S]-Alexeev [2]). Let e E (0, 1] and d E Z>i. Then 
log varieties X with —Kx ample, a{X) > e and dim(X) = d, form a bounded family. 

This is known in several ) X is toric [8J; b) X nonsingular [34j : c) d = 2 [2]; d) 

d = 3, e = 1 [211 ES]; e) d = 3, and the index of Kx is fixed [T^ . 

3-A. Toric case. In the assumptions and notations of § 12-Al we illustrate some of the 
local problems on minimal log discrepancies. For lower semi- continuity, it is enough to 
see that a{P; X, B) < a{rjc] X,B) + 1 for a torus-invariant curve P E C. Suppose C 
corresponds to the face r = cr fl (x^ = 0). There exists (x', 0) E N^""^ fl relint(cr) such 
that a{ric; X, B) = E?=i^(l - bi)xi. Then (x', 1) E N n int(a) and there exists x E NP""^ 
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and a positive integer / with Ix = {x', 1). We have 

d-l 

a{E^; X, B) < la{E,; X, B) = - h,)x[ + 1 - 6, < a(r/c; X, B) + 1. 

i=l 

Therefore a(P; X, B) < a{r]c; X, B) + 1. 

For precise inversion of adjunction, suppose B = X]f=i ^i^i + Hd- Then S = Hd is 
the toric variety T/v^ emb{ad), where cr^ = {x G Xi, . . . , Xd-i > 0} and Nd = {x E 

M'^^^;^ t G M, [x, t) G A^}. To bring this to the normal form in § 12-Al note that there are 

i 

positive integers tt-i, . . . , Ud-i such that — (0, . . . , 1, . . . , 0) are primitive vectors of N^""^. 

Then S = T^' emb(cr'), where N' = {x' G M'^'^ {nix[, nd-ix'^_^) G Nd} and a' is the 
usual positive cone. Let H[, . . . ,H'^_^ the torus invariant prime divisors of S. The key 
observation is that the log canonical divisor Kx + B = ^1^=1 ~ bi)Hi is independent 
of Hd- The boundary induced on S by adjunction is Bs = X]f=i (1 ~ 
equality a(P; X, B) = a{P; S, Bs) is clear. 

Finally, for the ascending chain condition, assume by contradiction that we have a 
strictly increasing sequence < a"^ < < ■ ■ ■ , where a" = a{P"; Tj^n emb((T)) for n > 1. 
For simplicity, assume that the boundary is zero, so only the lattice changes. We may 
find x" G (0, 1]*^ n A^" such that a" = X^iLi ^1- particular, a" < d for all n. Consider 
now the strictly increasing sequence of open sets U"' = {x G iO,+ooY;Ylt=i^i < '^"'}- 
By [40j, G"' = {x G W''] U"'n{Z'^ + Zx) = 0} is the union of finitely many closed subgroups 
containing Z*^ (the Flatness Theorem of Khinchin [28] gives an alternative proof). We 
have G" ^ G""*"^ since a" < a"'~^^ and x" G G" \ G"+^, so we obtain a strictly decreasing 
sequence of finite unions of closed subgroups containing Z'^. This is impossible, since the 
latter set satisfies the descending chain condition. 

3-B. Methods. The toric case (see [HI [10]) suggests that behind the ascending chain 
condition of minimal log discrepancies lies a deeper fact, the boundedness of singularities 
with minimal log discrepancy bounded away from zero. Some log canonical singularities 
are classified in low dimension, but in general we could only expect general structure 
theorems and boundedness results in terms of minimal log discrepancies. For example, 
Du Val singularities are classified as follows: An, Dn, Eq, E'f, Eg. From the above point 
of view, Du Val singularities are nothing but surface singularities having minimal log 
discrepancy at least 1, and they come in two types: a 1-dimensional series with two 
components {A and D), and a 0-dimensional series [E). 

The known method for bounding germs P G X is to study the singularities at P of the 
linear systems | — mKx\ {m > 1), and reduce this local problem to the global problem 
of bounding log Fano or log Calabi-Yau varieties in one dimension less [5B[ US]. Given 
that §1 suggests that minimal log discrepancies are invariants of objects of general type, 
it also natural to investigate the singularities at P of the linear systems \mKx\ {m > 1) 
and InXpjf I (m > 1), and relate germs with log canonical models in one dimension less. 

Also, it is possible that minimal log discrepancies can be understood from several points 
of view: analytic, birational, motivic or p-adic. The motivic interpretation of minimal log 
discrepancies is known in the case when the canonical divisor is Q-Cartier [1^ [60] . As 
for the analytic side, the description of log discrepancies as the coefficients of a Zariski 
decomposition suggests an interpretation of minimal log discrepancies in terms of Lelong 
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numbers. For example, the upper bound of Conjecture I3.2[ (2) is essentially equivalent 
to the following problem: let {X, B) be a log manifold of general type having a Zariski 
decomposition Kx + B = P + F, such that F is supported by the components of B with 
coefficient one. Then some coefficient of F is at most dim(X). 



4. The log canonical threshold 

Definition 4.1. Let {X,B) be a log variety, G X a Grothendieck point such that 
a{ri; X, B) > 0, and D an effective M-Cartier R-divisor passing through t]. The log canon- 
ical threshold of D with respect to ?7 G {X, B) is defined as 

lct(r/ G (X, B);D)= sup{t > 0; a(r/; X,B + tD) > 0}. 

The global log canonical threshold is lct(X, B; D) = min^gx lct{ri G (X, B); D). 

Note that a(?7; X,B) > if and only if (X, B) has log canonical singularities at r]. Since 
the support of i? + tD is a fixed divisor S, we may compute the log canonical threshold 
on a log resolution of X and 5*. In particular, lct(?7 G {X,B)]D) G Q if -B and D are 
rational. The inequality lct(P G (X, B); D) < lct{r]c G (X, B); D) holds for a closed point 
of a prime cycle P E C C X, with equality if P is general in C. 

Example 4.2. Let dim(X) = 1 and P G X. Then lct(P G (X, B); D) = "J^^fiD) ■ 
Example 4.3 ([I6l[23]). Let e H : (/ = 0) C be a hypersurface. Then 
lct(0 G C^; H) = sup{t > 0; l/T* is near 0}. 

The reciprocal number //(O; if) = l/lct(0 G C^;H), called Arnold multiplicity, satisfies 
the inequalities /i(0; H) < mult(0; H) < d ■ fi{0; H). 

Example 4.4. Let Hi, . . . , Hd be the coordinate hyperplanes in C^, 6i, . . . , 6^ G [0, 1] and 
rii, . . . , rid G Z>i. Then 

(i) lct(0 G (C^ Eti i^T ■ = minti 

(n) lct(0 G (C^ Eti &.^.); + ■ ■ ■ + = min(l, ^ti 

Example 4.5. Log canonical thresholds of non-degenerate hypersurfaces in toric varieties 
have a combinatorial description. Let P G (X, P) = (T/v emb((T), ^^^^ fojifj) be a toric 
germ as in §2-A, and 

a 

Here mo, are finitely many points in Mflo"^, where M is the lattice dual to N and a C Mr 
is the cone dual to a. Note that (1 — 6i, . . . , 1 — 6^^) G o"^. Let □ be the convex hull of 
the [Ja{ma + cr^). The ray M>o(l — 6i, . . . , 1 — 6^) intersects □ for the first time in a point 
— &i, . . . , 1 — We have the following inequality 

lct(PG (X,P);(/ = 0)) <min(l,-), 

and equality holds if the coefficients Aq are sufficiently general. The generality condition 
can be made explicit, as in [6]. 
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Example 4.6. The log canonical threshold lct(P G {X,B);D) is the largest t >0 such 
that {X/X, B + tD) is a relative log canonical model near P. For example, consider the 
germ of the cuspidal curve G C : {x^ — = C C^, with log canonical threshold 
|. The cusp can be resolved by a composition of three blow-ups /i: X — > C^. Let 
Ei,E2,Es be the proper transforms on X of the exceptional divisors, in the order of 
their appearance. We obtain a singular model X — > F — by contracting Ei and E2, 
and let C and E'^ be the proper transforms of C and E^ on Y. The relative log variety 
(X, E1 + E2 + E3 + tn~^C) is of general type for t G [0, 1] fl Q, and its log canonical 

model is (C^, tC) ^ for t < |, and (F, E'^ + tC) ^ for t > |. On the other hand, 
(C^, tC) is a log canonical model on \ 0, for every t G [0, 1] n Q. 

4- A. Problems on log canonical thresholds. One can classify a singularity by con- 
structing a flat log structure on it, in an effective way. Log canonical thresholds appear 
naturally in this construction, as the coefficients of the boundary of the flat log structure. 

For example, consider a log germ P G (X, B) with a(P; X, B) > 0. If a(P; X, B) = 0, 
the log germ is fiat. Otherwise, for a general hypersurface Di G |mp_x|; the log canonical 
threshold 71 = lct(P G (X, B); Di) is defined in such a way so that a(P; X, B + 'jDi) > 0, 
and there exists a minimal cycle C 3 P such that a{ric', X, B + '-fD) = 0. If C = {P}, then 
P G (X, B + jD) is fiat. Otherwise, we repeat this process (at most dim(C) times) until 
we obtain a fiat log structure G (X, P + Fl^t germs with certain restrictions 

on their boundaries are expected to be bounded in a certain sense (cf. §3), so for effective 
results we should also control the 7j's. Sholcurov observed that these coefficients satisfy 
the ascending chain condition in dimension two, and used this to construct 3-fold log flips. 

Conjecture 4.7 (Sholcurov [M], KoUar [3Z])- -^or a positive integer d and a set G i3 C 

[0, 1] satisfying the descending chain condition, define 

Lct(d, = {lct(P G (X, P); P); dim(X) = d, coefficients of B belong to B,D e |mp,x|}- 

The following properties hold: 

(1) The set Lct{d,B) satisfies the ascending chain condition. 

(2) Assume that B (1 [1,1 — ^] is a finite set for every k > 1. Then the set of 
accumulation points ofLct{d, B) is Lct{d — 1, B') \ {!}, for a suitable set B' C 
[0,1]. 

This limiting behaviour is Icnown in several ) d = 2 |54]; b) d = 3 0112]; c) 

P G X is toric, B is invariant and D G |tnp^x| is a general hypersurface PZ]. The set 
Lctd := Lct((i, {0}) has an exphcit description in some cases: a) Lcti = G Z>i}; b) 
Lct2n[|,l] = + > 3}U{1} [391; c) Lct3n[§,l] = {§,1} [35j. Conjecture O 
would imply that the number 1 — = maxLctrfn(0, 1) is well defined, and Kollar [35] 
suggests that is the minimal degree of a log canonical model {Y, By) of dimension d—1, 
with By having coefficients in{l — i;n>l}U {!}. For example, ei = |, £2 = |, es = ^. 
For the relationship between Conjectures 13.2113.51 and 14. 7^ see [7]. 

Flat log structures have global applications as well. Given a closed point P on a 
polarized manifold (X, H), does there exists n > 1 and D G \nH\ with a(P; X, ^P) = 0? 
If such a fiat structure exists, then P is not in the base locus of any divisor L such that 
L — Kx — H ample. This is a powerful technique to study adjoint line bundles, parallel 
to the L^-methods for singular hermitian metrics in complex geometry (see [30l [TTf [371 [3] 
and [SHI [in] for the algebraic and analytic side of the story, respectively). As above, log 
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canonical thresholds appear naturally. For a log variety {X,B), an ample Q-divisor H 
and a Grothendieck point rj & X, define 

7(77 G {X,B);H) = inf{nlct(r/ G (X,5);D); D G > 1} 

and 7(X, 5; iJ) = inf^^x l{v e 5); if) (cf. [59j). 

Example 4.8. Suppose dim(X) = 1. For every closed point P G X we have 

,i,eix,By,H)^^4^< ' 



deg(if) -deg(if)' 
and7(X,S;/i) = S^. 

Lemma 4.9 ([SI [37]). 7(P G {X,B)-H)<fW < d for every closed point P e X'^ . 

For Fujita's Conjecture on adjoint linear systems, 7(P G {X,B);H) has to be small. 
This is achieved by Lemma [4.9[ if is large. On the other hand, 7(P G {X, B); H) 

cannot be too small in a bounded context, and this can be used to bound \/ H'^ from above. 
Some known cases are: a) 7(?7x ^ X', —Kx) > if X is a Fano manifold of dimension 
d [2^; b) '~f{G; H) > 1 if Og{H) is the Pliicker line bundle on the Grassmanian [2^; c) 
7(^4; 0) > 1 for a principally polarized abelian variety [36] . Pukhlikov j49j suggests that a 
Fano variety X with large 7(X; —Kx) is birationally rigid. Hwang [23] suggests that for 
a log canonical model X, 'y{rix G X; f^x) \/ -^x also bounded away from zero, only in 
terms of dimension. The level sets and critical points of the functional 7(77 G (X, B); H), 
and an extension of Faltings' product theorem [2ni UHl [23], should play a key role in 
constructing fiat log structures. 
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